Generating Higher-Order Lie Algebras by Expanding Maurer 

Cart an Forms. 

Ricardo Caroca 1 ' 2 ]*] Nelson Merino 1 !] Alfredo Perez 1 ' 3 and Patricio Salgado|] 

l Departamento de Fisica, Universidad de Conception, Casilla 160-C, Conception, Chile. 
2 Departamento de Matemdtica y Fisica Aplicadas, Universidad 
Catolica de la Santisima Conception, 
Alonso de Rivera 2850, Conception, Chile. 
3 Max-Planck-Institut fur Gravitationsphysik, Albert- Einstein- Institut, 
Am Muhlenberg 1, Golm, Germany. 

(Dated: May 3, 2010) 

Abstract 
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higher-spin gauge theories. 
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I. INTRODUCTION 



A Lie algebra Q with basis {A;}, may be realized by left-invariant generators X{ on 
the corresponding group manifold. If C i k are the structure constants of Q in the basis 
{Xi} , then they satisfy [Xj,X,] = C^ k X k . If {u l (g)}, i = l,...,r = dimG, are the basis 
determined by the (dual, left-invariant) Maurer-Cartan one-forms on G; then, the Maurer- 
Cartan equations that characterize Q, in a way dual to its Lie bracket description, are given 
by 

dw* = -iCyVAw>, i,j,k = l,...,r. (1) 

In direct analogy we can say that a higher-order Lie algebra (£/,[,.-.,]) [ij], f^l with 
basis {A^}, may be realized by left-invariant generators Xi on the corresponding group man- 
ifold. If C i { in k are the higher order structure constants of (G, [, •••,]) in the basis {Xj} , 
then they satisfy [X^, X in ] = C ili2 .... in k Xk, where [Xj 1 ,...,A i J are the called higher 
order Lie bracket or multibracket. If {oj 1 }, i = 1, ...,r = dimG, are the basis determined 
by the (dual, left-invariant) Maurer-Cartan one-forms on G; then, the generalized Maurer- 
Cartan equations that characterize (Q, [,...,]), in a way dual to its higher order Lie bracket 
description, are given by 

du a = -a , V 1 A • • ■ A u i2m - 2 , (2) 

(2m -2)! i1 "" 42 ™- 2 ' v ; 

where d m are the so-called higher-order exterior derivations. 
As is noted in ref 

ELS 

it could be interesting to find applications of these higher-order 
Lie algebras to know whether the cohomological restrictions which determine and conditions 
their existence have a physical significance. Lie algebra cohomology arguments have already 
been very useful in various physical problems as in the description of anomalies or in the 
construction of the Wess-Zumino terms required in the actions of extended supersymmetric 
objects. Other questions may be posed from a purely mathematical point of view. From the 
discussion in Sect. 4 of ref. Q we know that a representation of a simple Lie algebra may not 
be a representation for the associated higher-order Lie algebras. Thus, the representation 
theory of higher-order algebras requires a separate analysis. A very interesting open problem 
from a structural point of view is the expansions of higher-order Lie algebras, which will 
take us outside the domain of the simple ones. 

The purpose of this paper is to show that the expansion methods developed in ref. j^], 



6| (see also can be generalized so that they permits obtaining new higher-order 

Lie algebras of increasing dimensions from (£/,[,...,]) by a geometric procedure based on 
expanding the generalized Maurer Cartan equations. 

The paper is organized as follows: In section 2 we shall review some aspects of Generalized 
Maurer-Cartan equations. The main point of this section is to display the differences between 
ordinary Maurer-Cartan equations and Generalized Maurer-Cartan equations. In sections 
3, 4 we generalize the expansion methods developed in ref. jlj], jsj and we give the general 
structure of the expansion method. Section 4 is devoted to the dual S-expansion of higher- 
order Lie algebras. We close in section 5 with conclusions and an outlook for future work. 



II. GENERALIZED MAURER-CARTAN EQUATIONS 

In this section we shall review some aspects of the generalized Maurer-Cartan equations. 
The main point of this section is to display the differences between ordinary Maurer-Cartan 

n n 

equations and Generalized Maurer-Cartan equations (see [jj, [2j). 

Definition 1 Let {Xi] be a basis of G given in terms of left invariant vector 
fields on G, and A * (G) be the exterior algebra of multivectors generated by them 
A • • • A X q = e t i....g q X il (g) • • • g) X iq j . The exterior coderivation d : A q — > A c/_1 is given 

by 

d (Xi A • • • A X q ) = ^(-l) i+fc+1 [X h X k ] A X 1 A • • • A X, A • • • A X k ■ ■ ■ AX q . (3) 
i=i 

Kk 

This definition is analogous to that of the exterior derivative d, as given by the Palais 
formula [2j with its first term missing when one considers left-invariant forms (see eg. (2.4) 
ref. Q). As d, d is nilpotent, d 2 = 0, due to the Jacobi Identity for the commutator. In 
order to generalize (j3J), let us note that d(Xi AX 2 ) = [Xi, X 2 ], so that ([3]) can be interpreted 
as a formula that gives the action of d on a (/-vector in terms of that on a bivector. For this 
reason we may write d 2 for d above. It is then natural to introduce an operator d s that on 
a s-vector gives the multicommutator of order s. 

Definition 2 The general coderivation d s of degree (s — 1) (s even) d s : A n (G) — > 
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A n ( s ^(G) is defined by the action on an n-multivector 

d s {X 1 A • ■ • A X n ) = L—l—4^d 9 (X h A • • • A X is ) A X is+1 A • • • A X in , (4) 

d s A n (G) = fors>n, (5) 
d s {X x A • • • A X s ) = [X x A • • • A X s \ , (6) 
d 2 s ee 0. (7) 

We may now introduce the corresponding dual higher-order derivations d s to provide a 
generalization of the Maurer-Cartan equations. Since d s was defined on multivectors that 
are products of left-invariant vector fields, the dual d s will be given for left-invariant forms. 

It is easy to introduce dual bases in A n and in A n . With u l (Xj) = 5ij, a pair of 
dual bases A n , A n are given by ui h A • • • A u In , h^h A... A Xj n (ii < ... < /„,) since 

{e^.fy 1 ® ■ • ■ ® w») (^K^ ® • • - ® = C.l: y is 1 if a11 indices coin - 

cide and otherwise. Nevertheless it is customary to use the non-minimal set u 11 A • • • A u ln 
to write a = ^a h .... in u h A ■ ■ ■ A u in . Since (a/ 1 A • ■ • A u in ) (X h , - ■ -,X jn ) = eJi".".^, it is 
clear that a h .... in = a (X h , ■ ■ -, X;J = ^ (X^ A • ■ • A X<J . 

Definition 3 The action of d m : A n — )■ A n+ ( 2m _ 3 ) (remember that s = 2m — 2) on a G A n is 
given by jj/ 

<i m ct (X^,- • •,Xj n+2m _ 3 ) = — 2)! (n — i)!^---^™+2™-3 a (P0i>' ' '^j 2m _ 2 \ i^-hm-\->' ' 'Xj n+: 

(8) 

v m A 1 .... in+2m _ 3 (2m - 2)! (n - ^ pnm _ v ..., n+2m _ 3 . \y } 

From (JHH9J) we can see that the coordinates of d m ui a are given by 

(dmu^ (x h ,- ■ -,x i2m _ 2 ) = - 2 y^l....f 2 ^: 2 ^ a ( [X h , • ■ -, ^ 2m „ 2 ]) , (10) 
(d m u°) (A 4l> ...,x <aw _ a ) = t ^([x 4l ,... J x fam _ a ]) =^..., 2m _ 2 % = cv., 2m _ 2 

(11) 

from which we conclude that 

^ = (2yn 1 _ 2) , ^ 1 --^- 2 ^ n A " " • A . (12) 

For m = 2, d m = —d, equation (fl2l) reproduces the usual Maurer-Cartan equations. The 
equation ffl2l) is called "the generalized Maurer-Cartan equation". In the compact notation 



that uses the canonical one-form 9, we can say the the action of d m on the canonical form 
9 is given by [2[ 



d m 9 



1 



(2m - 2) 

where the multibracket of form is defined by 



u 1 A ■ ■ ■ A u 



l2m-2 



Using Leibniz's rule for the d m operator we arrive at 

1 1 



d±9 



9, --,9, 



(2m -2)! (2m -3)! 
which again expresses the Generalized Jacobi Identity. 



2m-2 

9, ■ ■ ■■ ,i 



0. 



(13) 



(14) 



(15) 



III. EXPANDING HIGHER ORDER LIE ALGEBRAS BY RESCALING SOME 
COORDINATES OF THE GROUP MANIFOLD 

A. The higher-order Lie algebras (Q(M), [,•••,]) generated from (Q, [,..., ]), when Q = 

v e Vt. 

The generalized Maurer-Cartan equations that characterize the multialgebra (Q, [, ...,]), 
in a way dual to its higher order Lie bracket description, are given by 

d m u k {g) = {2 J_ 2 y C Li 2m -y i (9) A - A^-*(g). (16) 

Consider the splitting of Q* into the sum of two vector subspaces, Q* = Vq © V*, where 
Vq and V* are generated by the Maurer-Cartan forms u l ° (g) and u/ 1 (g) of Q* with indices 
corresponding, respectively, to the unmodified and modified parameters, 

g i0 ^g i0 , g n ^Xg l \ i (k) = 1, ...,dimV Q {V x ) . (17) 
In general, the series of u l ° (g, A) G V^* and uj n (g, A) G V*, will involve all powers of A, 

oo 

u^(g,\) = J2^ tp ' a (g), P = 0,1. (18) 

a=0 

In terms of the 1-forms u lp , the generalized Maurer-Cartan equations ( TTBl take the form 
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d m w ka (g) 



1 



-C k 



(2m - 2)! y J q m r ...n t: 

(2m — 2) -indexes 



uA (g) A (g) A u; m " (g) ... A ^ (<?), (19) 



(2m— 2)-indexes 



where, on the right side of equation ( I16p there is an implicit sum on the (2m-2) indices 
i p , j q , m r , ■ ■ •, n t = 1, • • •, dim V^,(V^)(K) ■ ■ ■ (V t ) and on the (2m-2) indices p, q, r, ■ ■ -,t — 0, 1. 
Explicitly we have 



rf m w fcs (#) 



(2m - 2) 



E 



p,g,r,...,t=0 



dimV p (V,)(V r )...(V t ) 



E 



i p ,j q ,m r ,...,nt=0 



C i i m n ^ A ^ (^) A ^ & - A ^ 

'/) ./(/ Ilb r ...lbt\ , 

(2m— 2)-indexes 



(20) 



(2m — 2) -indexes 

However, in general, we will consider the sums implicitly. We will denote the set of (2m- 



2) indices i, j,m, ...,n = 0,...,dim(?, 



by i, where i 1 



i, i 



3, 



■2m 2 _ n - i e jl 



0, dimC?; I = 1, 2m — 2. Since Q — Vq © V\, we have 



that the set of (2m — 2) indices p,q,r, ...,t = 0, 1 is useful to indicate that the forms uA, 
u %2 i ,...,u lt belong to the subspaces V* , V*,... : V t * respectively This allows to denote the 
set of indices p, q, r, t = 0, 1 with the index pi, where the index / reproduces the (2m — 2) 
indices: p x = p, p 2 = q, p 3 = r,- ■ ■■,P2 m -2 = t. 

With this notation, the generalized Maurer-Cartan equations f fl9|) take the form 

1 



d m u a (g) 



uj 1 pi (g) A ... A u l P2 m -2 (g) ; 



(21) 



(2m-2)! ^■■■C-V 

where we have sumed over i l p[ and over pi = 0, 1 for every 1 = 1,..., 2m — 2. One might think 
that the super-index in i l is superfluous. However the super-index I is really necessary, for 
example, to distinguish the independent sums existing over the indices il, and i 1 * 1 when 
pi = pi+i. In the compact notation that uses the canonical one- form 9 = uj ks Xk s [2], the eq. 
fT2ll can be written as 



dm.0 



(2m -2)! 

where the multibracket of forms is defined by 



2m-2 
, — ,V 



a; pi A 



•2m- 2 
/\ a ; l P2m-2 



X,:l . 
PI 



X-2m-2 
% V2m-2 



(22) 



(23) 
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Following the procedure of Ref. jsj we now insert the expansions ([TBI) into the Maurer- 
Cartan equations (JIB"]) . After tedious but direct calculation we obtain 



J , ,k a ,a 



1 



(2m -2)! (ik'P 1 )-^-!^- 2 ) 

de, besides the t 
for every I = 0, 2m — 2 and where 



•1 a\ -2m-2 a2m-2 



(24) 



where on the right side, besides the sums over i l and pi, a sum exists over j3 l = 0, 1, ■ • •-, a 



(■2m-2 o2m-2^ 
\ l P2m-2'P I 



c 



■2ra-2 « fit . 



■+P 2 



(25) 



In the compact notation that now uses the canonical one-form 9^ N ' = uj ks, °'Xi t ^ a of the 
expanded multialgebra, (Q (N) , [, ...,]), the eq. fl24|) can be written as 

1 



(2m -2)! 

where the multibracket of forms is defined by 



(26) 



•1 al -2m-2 B 2m-2 

0J l n' P A • ■ • A CO ^2m-2>P 



'pi ' 



(27) 



Note that {X ksj0l } is the basis of (Q (N) , [, ...,]) while {a> fcs ' a } is the dual basis. 

The generalized Jacobi identity is obtained the calculation of d 2 m uj ka ' a . The equations 
(|2"5"|) are the direct generalization to the case of higher order Lie algebras of the equations 
(2.15) of the Ref. [5j. 

The following theorem generalizes the theorem 1 of Ref. [5] to the case of higher order 
Lie algebras and it establishes the conditions under which the 1-forms u Hha °, uj ll,ai generate 
new higher order Lie algebras. 

Theorem 4 Let (Q, [, ]) be a higher order Lie algebra and Q = Vq © Vi (no higher order 
Lie sub-algebra conditions are assumed, neither for Vq nor for V\). Let {u 1 }, {oj h> }, {oj 11 } 
(i = 1, • • -,dimQ, i = 1, ■ ■ ",dimVo, it = 1, • • ••,dhaVi) be, respectively, the bases of the 
Q* , Vq and V* dual vector spaces. Then, the vector space generated by 



(28) 



together with the generalized Maurer-Cartan equations ( f^] ) for the structure constants 
determine a higher order Lie algebra Q (N) for each expansion order N > of dimension 
dimQ(N) = (N + l)dim£. 



Proof. The generalized Maurer-Cartan equations (12411251) can be written as 
dmu^ = —1— ± C$ „.^_ a 8^.... + ^^ 1 A ... A (29) 

v ; ^ 1 ,--, l 8 2 " l - 2 =0 

Let's remember that we have sums over pi and over /r such that a = (3 1 + • • • + (3 2m ~ 2 . We 
can see that for a = N 

No 

(2m- 2 ! ^ •£i-*ram-a ^ 1 +-+/? 2m 2 ' v > 

appear in the sum terms that contain 1-forms oo l i' No , whereas 
d m uj k ^ = 7 - — T7 Y C k l , m _ 2 6%. +flBM - a w^^ A ■ • ■ A ^-V 2 ™- 2 , (31) 

v ' /3V",/? 2m_2 =0 

appear in the sum terms that contain 1-forms uA'^ 1 . Wherefrom we see that the forms 
Jv No and (A' Nl , for any Z = 1, •••,2m- 2, are in the base ([28]), if and only if N — Ni — N. 
This means that the set 

oo io '\ ■ ■ •, u/ '^; u/ 1 ' , a;* 1 ' 1 , • • ••, u h ' N } , (32) 
generates a higher order Lie algebra of dimension 

dim Q (iV) = (N + 1) dim Vb + (N + 1) dim V x = (N + 1) dim Q. (33) 
To prove that the generalized Jacobi identity is satisfied we calculate d 2 n u ks,a : 

,/ -" " (2m-2)rfe^) fcv/^-r m r A Aw J ' 

(2m -2)! fe^ 1 ) fc-V/ 32 " 1 - 2 ) 

= 1 r (k s ,a) A^vi'P 1 ) 

' (2m -2)! (2m -3)! fe^fe^ 2 ) fei.^— 2 ) fe.7 1 ) (iS^T 3 — 3 )] 

/ ,-l ~1 -2m-2 2m-2\ / ,-2 £j2 -2m-2 o2m-2\ . s 

x ftj^i' 7 A Aw*2-2' 7 J A fw^'P A Ac/ p 2m-2>P j=o. (34) 



Therefore 



fe,^)[fe^) fc- 2 2^ 2 '"- 2 ) (^) fc- 2 2.7 2 - 2 )] U ' [6t>) 

Introducing (I35I) into (I25I) we find 

h/3 2m - 2 ^7 1 + ----+7 2 m-2C.i S r. 2 ....,-277.-2 C.-l 1 ....,-2m-2 , = 0, (36) 

which is satisfied identically due to the validity of the generalized Jacobi identity for the 
original multialgebra (Q, [, ...,]). ■ 
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B. The case in which Vq is a subalgebra of Q and of a submultialgebra (Q, [, ...,]) 



Let (Q, [, ]) be a Lie algebra and let (Q, [, ...,]) be a higher order Lie algebra. We will 
assume that the vector space Q — Vq © V\ is such that Vq is a subalgebra of (<?,[,]) and a 
submultialgebra of (Q, [, ...,]). From Ref. j^l it is known that, if V is a subalgebra, then 



* (g, A) = £ Xau)ip ' a (9) , 
ui l P' a = 0, for a < p. 



(37) 
(38) 



Introducing f|3T|) into the generalized Maurer-Cartan equations we find that, when Vq is a 
subalgebra, the generalized expanded Maurer-Cartan equations are given by 



,k s ,a s 



:C 



(2m - 2)! fe^J-fe^.fc^) 



■ 1 ol -2m — 2 o2m — 2 

(jJ Pl'PPl A ... A U; Mm-2 'Pp2m-2 



where 



C 



(fcs,Q!s) 
(*Pl>Ppi, 



■2m — 2 2m- 2 



'P2m-2 >PP2m-2 



"p 1 ---'P2 m _2 Ppi 



fll 4. 1 «2m-2 ) 



u/pA = 0, for f3 l pi <pf,l= 1, 2m - 2. 

The equations (l39j) - (|42l) are a direct generalization to a higher order Lie algebra case of 
equations (3.13)-(3.14) of Ref. |5|. In the compact notation that uses the canonical one- 
form 9^, the eq. (ES} can be written as 



0,---,iV s ; ^ =0,---, Pl = 0,1; 



(39) 

(40) 
(41) 
(42) 



(2m -2)! 



2m-2 



(43) 



where 



#w 2m 7 2 ; f,w 



J 1 fl 1 A 

tj'pi'Ppi A • 



■2m — 2 o2m — 2 
• A UJ p 2m-2'"P2m-2 



pi 'Ppi 



X-2m — 2 o2m-2 
l P2m-2 >"P2m-2 



(44) 



Note that the equations (14"0]) - (jl2l store the structure subspace information of Q and therefore 
must be mentioned if we use this free index notation. 

The following theorem generalizes theorem 2 of Ref. [5| to the case of higher order Lie 



algebras and it establishes the conditions under which the 1-forms uj 
higher order Lie algebras: 



10, OO ^*li Q l 



generate new 
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Theorem 5 Let (Q, [, ...,]) be a higher order Lie algebras with Q = Vq © Vi, where Vq is 
a submultialgebra. Let the coordinates g lp of G be rescaled by g l ° — > g t0 , g %1 — > Xg 11 . 
Then, the coefficient one-forms {u l °' ao }, {a/ 1 '" 1 } of the expansions (3l\ ) of the Maurer- 
Cartan forms of Q* determine higher order Lie algebras (Q, (N , Ni) [, ...,]) when Ni = N 
or Ni = Nq + 1 of dimension dimQ (No, Ni) = (Nq + 1) dimVo + iVi dim V\ and with structure 
constants ffllfy . 

Proof. We must prove that the set 

{u io ' ao ,u^ ai } = {u io >°,u io '\ - ■ ■ 1 u i °> N °;u il '°,u il >\ - ■ -^cu' 1 '" 1 } , (45) 



it is closed for the generalized Maurer-Cartan equations fl39|) and that the Jacobi identity is 
satisfied. In fact, equation 0391) can be written as 

1 a " 

^ fes ' Qs = To ™ J2 C ^ , 2 - 2 C + +B *»-' ^k A ... AuJ ^-2^2. (46) 

(2m -2)! ^ l P!- l P2 m -2 / 3 Pl+-+/ 3 P2m-2 

v S 1 ■■■ s 2m ~ 2 —CI 

From (HH we have 



I X — ■> ,-1 Ol -2m-2 o2m-2 

2m-2 W A • ■ • A U P2 — 2' P P2 m -2. 



A .Mo,ao _ fjko xa ,.A^Pl, a ... a ,., i m m --xA 

U-myJ — , n c .\, / , ^-i -2m-2 u ol i i o2m-2 

(2m — 2)! ^ l Pl- l V2m-2 l 3 P 1 + - + l 3 P2m-2 



51 ... a2m-2 _ n 
D Pl' 'PP2m-2~ U 



(47) 



1 V — "A L. _ -1 ol -2m — 2 a'2m — 2 



d m U kl ' ai - ——— C iL--4l™-\ 5 ', 



(2m -2)! ^ <Jr-«_2 ^+-+^-2 

«1 .... fl2m-2 _ n 
3 P1> ,P P2m-2 — U 



UJ P1' P P1 A • • • A OJ P2m-2'' J P2m-2 . 



(48) 



We now consider the forms that contribute to d m oj ks,as : 
(a) the case a = 0, 



J , ,fco,o _ 1 r k ° a 

— TZ ^TT 7. ^-i -2m-2 O gl 

(2m — 2)1 L — ' *oo — •> p p 



yo2m — 2 

Pl""'P2m-2 M P1 ' ' +P P2m-2 

fll .... «2m-2 _ n 
Ppi' 'PP2m-2 — U 



■ 1 ol „-2m — 2 2m — 2 

|*P1 'Pi 



• a/wPpi A ■ • • A a/ P2m - 2,/ ^ 2m - 2 , (49) 

4^°'° = - 1 — C* ;2ro _ 2 A • • • A ^-- 2 '°. (50) 
(2m — 2) ! l pr'" J P2m-2 

The condition u/ p,ap = for a p < p implies that, in the sum over p\ of equation (|50|) . 
only terms of the form u/° survive. Therefore 

d m u ko >° = 1 -— 7 C k ? . 2m _ 2 u/o'° A • • • A u l ° m ~ 2 >°. (51) 

(2m -2)! l o-- l o v ; 
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(b) the case a = 1 



dmU) 



fcl,l 



(2m -2)! 



31 .... «2m-2 q 
>!' '^P2m-2 u 



rl 

2m — 2 " al 
Pl""'P2m-2 P P1 



■1 r>\ -2m — 2 n2m — 2 

• Cd P1' P P1 A • • • A OJ P2m-2'PP2m-2 . 



1 



E c ? 



(2m -2)! 

P P1' ' P P2m-2 — U 



r) 1 

2m — 2 u ol 
Pl""'P2m-2 P Pl 



• 1 „i -2m-2 o2m-2 

^'pi'^pi A • • • A P2m ~ 2 P2m - 2 . 



(c) the case a > 2 



a 



(2m -2)! 



E <3 

.... a 2 ™- 2 =0 



fco £t*o 

•2m-2 "„i 
PI 'P2m-2 ^Pl 



J P1 ' '^P2m-2 
I PI >' ' I 



■2m— 2 o2m-2 



• pi ,p pi A • • • A cu P2m - 2 P2m ~ 2 
1 Q i 



cLu; 



fci,ai 



(2m -2)! 

v ' «i .... 



l Pl l V2m-2 Ppi^ 



= 



fll .... «2m-2 _ 
M P1 : >Pp2m-2 

jl fll , . -2m-2 g2m-2 

• 0; p l p l A • ■ ' A OJ p 2m-2' P P2m-2 . 



P2m-2 



Therefore: 

(1) For d m u k °' a °, we have 
(la) the forms a/o>Po contribute up to the order shown in the following table: 





Maximum order of /?q 


a = 


/?o<0 


«o = 1 




a > 2 
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(lb) The forms a/ 1 '^ 1 contribute up to the order shown in the following table: 





Maximum order of f3[ 


ao = 


there is no contribution 


a = 1 




a >2 


& < a 



(2) For d m u kl ' ai we have 
(2a) with respect to the contribution of the forms u/°'^° we can say 

(2ai) for a± = 1 we have that the maximum order of /3 can be found by analyzing the 
equation ( 1531) 

i 1 

2m — 2 ! ^— ' l Pl %>2m-2 P P1 + +P P2m-2 

v ' b 1 •••• /3 2m " 2 -o 

■ 1 ^1 -2m — 2 /.2m-2 

• o; j pi' p pi A • • • A o/ P2m - 2 ' Pp2 ™- 2 . (56) 
The condition of submultialgebra, C^ 1 . 2m _ 2 = implies that in the sums on pi = 

V"*o 

{pi, - ■ -,P2m-2} at least one of them, we say p x , must be equal to 1. So that p\ = 
for I 7^ x. This means that the condition 

& + • • •/£ • • • = 1. (57) 

takes the form 

$ + • • A*" 1 + # + /3£ +1 + ■ • ■ + /3 2m - 2 = 1. (58) 

Since uA*'^ = for /3' < we have that to generate a non vanishing element in f )53|) . it 
is necessary that in the form uA>*'^ = d* 1 '? 1 it must be fulfilled that /3f — 1. So = and 
/3p ; = /3q = for / ^ x. This means that the forms a/°'^° contribute to d m cu kl ' ai for ai = 1 
only up to the order /3 l — = a,\ — 1. 

(2aii) Following the same previous procedure we find that, for ol\ > 2, the forms u;*° ,|8 ° 
contribute up to the order /3q < «i — 1. 



12 



The contribution of the forms a/o ,/3 o to d m u kl ' ai is shown in the following table 





Maximum order of (3 


a>i — 1 


Pi < = a x - 1 


ai > 2 


# < <*i - 1 



(2b) The contribution of the forms u 1 ' 1 '^' 1 to d m u kl,ai is given by: 





Maximum order of /?[ 


«1 = 1 


# < 1 = Qtl 


ai > 2 


# < ai 



In the following table are summarized the contributions of the forms uA*'^ to 
d m UJ ks > a ° : 



a s > s 






d m u k °' a ° 






d m u k ^ 


$ < Ql - 1 


# < a x 



In order that the generalized Maurer-Cartan equations be satisfied, there must exist 
in sufficient 1-forms, so that the (N + 1) u k °> a ° and N x u kuai must include at 
least those present in its differential. This means that the above table implies the inverse 
iniqualities shown in the following table 



a s > s 






d m u ko ' ao 


N > N 


Ni > No 


d m u k ^ 


N >Nt-l 


Nx > Nx 



The corresponding solutions to the inequations 

iVi > N , (59) 
No > N t - 1, (60) 



arc 



or 



Nx = No, (61) 

N = Nx- 1. (62) 
These equations show the two ways in which the fl37j) expansions must be truncated. 
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IV. DUAL FORMULATION OF THE HIGHER-ORDER LIE ALGEBRA S- 
EXPANSION PROCEDURE 

In ref. j^l was constructed an S-expansion procedure which permits obtaining a new 
higher-order Lie algebra from an original one by choosing an Abelian semigroup S. In the 
orevious sections of the present work we have generalized the expansion procedure of ref. 
5) to the higher-order Lie algebra case. 

The S-expansion procedure is defined as the action of a semigroup S on the generators 
T A of the algebra, and the power series expansion is carried out on the MC forms of the 
original algebra. On the other hand, the S-expansion is defined on the algebra q without 
referring to the group manifold, whereas the power series expansion is based on a rescaling 
of the group coordinates. 

It is the purpose of this section to study the S-expansion procedure in the context of the 
group manifold and then to find the dual formulation of such an S-expansion procedure. 



A. S-expansion of the higher-order Lie algebra 

Let's remember that the S-expansion method is based on combining the structure con- 
stants of (£?,[,...,]) with the inner law of a semigroup S to define the Lie bracket of a new, 
S-expanded multialgebra. 

Let S = {Aq,} be a finite Abelian semigroup endowed with a commutative and associative 
composition law S x S — > S, (X a , Xp) >->■ X a Xp = K a/3 7 A 7 . The direct product = S <S> Q is 
defined as the cartesian product set 

= S x £ = {T (A>a) = \ a T A : X a e S , T A E Q} , (63) 

n 

with the composition law [, ■■■,) s : X...X <S — > 0, defined by 

[T(A 1>ai ), ■■■,T(A n ,a n )] s = X ai ...X Qn [T Al , T An ] , (64) 

[ T (Ai,ai), ■■; T( An>an )] s = an C C M An X^T c = C^ ai) .(A n , an ) r (C, 7 )> ( 65 ) 

where Ti A . a .\ G 0, Vz = 1, ...,n, and C/?' 7 -* w , ^ = K2, n C C A A . 

Theorem 6 The set G = S x G with the composition law If65\) defines a new Lie 
multialgebra which will be called S-expanded Lie multialgebra. This algebra is a Lie algebra 
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structure defined over the vector space obtained by taking S copies of G by means of the 
structure constant Cf?' 7 ' ) w , ^ = K2, n C C A A where K% n = K° n ,-fQL ■ The 

\A\,u\)..\A n ,a n ) ot\...a n A\...A n ai...a n »i...a n _i cra n 

structure constants Cf^^s ^. x defined in HJty) inherit the symmetry properties ofC^ lAn 
of G by virtue of the abelian character of the S-product. 



Proof. The proof is direct and may be found in ref. [9]. 



[9] 



B. Dual formulation of the S-expansion Procedure 

The above theorem implies that, for every abelian semigroup S and Lie multialgebra g, 
the product (5 = S x g is also a Lie multialgebra, with a Lie bracket given by eq. f )65|) . This 
in turn means that it must be possible to look at this S-expanded Lie multialgebra (5 from 
the dual point of view of the Maurer-Cartan forms 6j. 

Theorem 7 If S = {\ a ,a = 1, . . . ,N} is a finite abelian semigroup and if uj a are the 
Maurer-Cartan forms for a Lie multialgebra q, then the Maurer-Cartan forms uj^'^ associ- 
ated with the S-expanded Lie multialgebra (3 = S x g [cf. Theorem 1] are related to the u A 
by 

co A = ^W^, (66) 
and satisfy the generalized Maurer Cartan equations 

d m uj {A ' a) = t - — tt^vr b w fl b {A ' a) ^ B ^ ■ ■ ■ ^^). (67) 

m (2m — 2)\ (- Bi >P l )"'(- B2m - 2 >P 2 ™- 2 ) v ; 



Proof. Introducing eq. (1661) into the generalized Maurer-Cartan equations 

1 

(2m~- 2)! 

we obtain 



d m u A = , n __ „ C Bl B2m _ 2 A u) Bl u B ^-\ (68) 



d m uj( A ^ = - l -— Y C m m „ \ A ^ou^\..u^-^^\ (69) 

m (2m — 2V " (-DiiPi)»»(-Sam-2,pam-a) v ' 

where Vt ln „ v ,n A ''°^ « \ = r„ „ A Ko r . Using the sum convention, equa- 

(Bl,pi) (B2m-2,P2m-2) *>1 £>2m-2 PI— P2m— 2 & ' ^ 

tion 0691) can be written as 



d m U^ = - ~—rC m H , m iAa l ^,8,) { B, m - 2 ,p 2m - 2 ) (70) 

(2m — 2)\ (- B l'Pl)---( B 2m-2,/32m-2) V 1 
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This concludes the proof. ■ 

In the compact notation that uses the canonical one- form 6^ u^'^ X (A, a ) , the eq. ( ITDjl 
can be written as 



Le {s) 



(2m -2)! 



(71) 



where 



CO 



ufr) A . . . Au (B, m -^ 2m -,) [ X{BlM ,.- ;X {B2m _ 2Am _ 2) ] . (72) 



It is perhaps interesting to notice that the relation shown in eq. ( 166]) is analogous to the 
method of power series expansion developed in Ref. Jsj] and in the above sections. 



C. O^-Reduction of S-expanded Lie Algebras 

Now we present the dual formulation for the 05-reduction of an S-expanded Lie multial- 
gebra (55, formulated in the language of the MC forms. 

Let 5 = i = 1, . . . , N} U {An + i = Os} be an abelian semigroup with zero. The ex- 
panded Maurer-Cartan forms u^'^ are then given by 

N 

u/ = ]TW^ + (V^, (73) 
i=i 

where oj a = oj( A ' n+1 \ We shall show that the Maurer Cartan forms oj^ a ^ by themselves 
(without including Cu A ) are those of a Lie multialgebra-the O^-reduced multialgebra S5r. 



It can be shown [9] that C^ fc K (A n i n ) = ^■h-i n ^'Ai...A n are structure constants for 
the 5- reduced S'-expanded multialgebra IS/?, which is generated by T(A,i)'- 

[T (Auil) , ...,T (An4n) ] s = K k ii .... i C c A ^ A T {c ,k)- (74) 

The following Theorem gives the equivalent statement in terms of Maurer-Cartan forms 
(see 

Theorem 8 Let S = {Aj, i — 1, . . . , iV}U{AAr + i = Os} be an abelian semigroup with zero and 
let {u/ A '*\ i=l,..., A^juja;^'^ 1 ^ = d> A } be the MC forms for the S '-expanded multialgebra 
<3 = S x q of g by the semigroup S. Then, {uj( a,% \ i = 1, . . . , iV} are the Maurer-Cartan 
forms for the Os-reduced S -expanded multialgebra 
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Proof. The Maurer-Cartan forms for the S-expanded multialgebra (55 satisfy the generalized 
Maurer Cartan equations [cf. eq. (jSj 

1 



:C, 



(2m — 2)! (- B l'/ 3 l)---(- B 2m-2,/32m-2) 

Introducing f J73|) into f J75|) we have 

N 

AAV 



i=l 



(A,iV+l) 



1 



(2m - 2) 



^ A 
- { ^B 1 ....B 2m -2 



T N X- w ( B iA) \ / A - w 

^ji a ji w I x • • • x ' ^ hm - 2 J2m ~ 2 

+Qsa; (B 1) iV + l) 



(S2m-2,i2m-2) 



J2m-2 

+0sW (B am - a ,JV+i) 



(76) 



On the other hand we can write 

N+l ^ 



'N+l 



N+l 



01) 



N+l I ! .V + J 

Aq 



(2m -2)! 



) {Bzm— 2,/3 2m _2) 



w (B2m-2,/3 2 m-2) 



Since 



we have 



JV+l 



AT+l AT 



i=i 



! at+i 



(A,a) 



('2m — 2V ^— ' ~(Bl,Pl) (B2m-2,/32m-2) 

V ft ft»-2 



a; (BlA)___ a; (B2m-2, / 82m-2) 



(77) 
(78) 



* / 1 N 



0< 



(2m - 2)! 
1 

(2m~ 2)! 



h) (-B2m-2,«2m-2) 



UJ (B 1 ,i 1 ) fi ,(B 2m -2,i2m-2) 



U,---> l 2m-2 
N+l 



S C (B 1 ,p 1 



(AN+1) w (Bl,/3l) / ,,(i?2m-2,/32 m -2) 



) (-B2m-2,ft>m-2) 



(79) 



/3l,...,fcm-2 

we have that the generalized Maurer-Cartan equations takes the form 

N 



Kd m u^ + o s d m ^ A ' N+1) J 



,i=i 
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N 



5> 



1 



(2m -2)! 
1 



C (Bi,h 



) (B2m-2,«2m-2) 



j»2m— 2 
AT+1 



^(Bi.ft) 



(2m — 2V ^ ~(Bl,ft) {Blm.-lfi-2.m-l) 



(AAT+1) w (B2m-2,/3 2m - 2 ) 



(80) 



So that, 



JV 



(2m - 2)! 



C (Bi,h 



) (-B2m-2,«2m-2) 



(Ai)^ (Bl.il) u {B 2 m-2,i2m-2) 



H,---,l2m-2 



N+l 



(81) 



C (Bi,Pi) 



(2m — 2)! ^— ' ~(-°l,0l) (-B 2 m-2,/32m-2) 



(^,AT+l) a; (B 1 , / 3l) w (B2m-2,/32m-2) 



Applying the so-called O s -reduction we obtain 

jV 



_OM ^(Bi.ii 



(2m -2)! 



(A*) (Bl.il) (B 2m -2,i2m-2) 
) (B 2 m — 1,ilm-l) " 



(82) 



(83) 



ll,."i , 2m-2 



This concludes the proof. ■ 

In the compact notation that uses the canonical one- form 6^ = u^^Xr^, i — 1, N, 
the eq. (IBB"]) can be written as 

1 



(84) 



CO 



(2m - 2) 

(BiA) A ... A a; (B 2m - 2> i 2m - 2 ) • • X (B2m _ 2)i2m _ 2) ] . (85) 



D. Resonant submultialgebras 

From ref. 

a, a 

we known that if Q = @ p ^iV p is a decompostion of Q into subspaces 
V p , with a structure described by the subsets i(p u ,„ tPn ) C I such that 

[^i,-,^Jc V r , (86) 

^Gi( P1 ,...,P„) 

and if S = U pe iS p is a subset decomposition of the Abelian semigroup S such that 

S Pl xS P2 x----xS Pn C p| S r , (87) 
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then we say that this decomposition is in resonance with the subspace decomposition of 



In the same refs. 



4|, js] it was shown that if Q = (B P eiV p is a decompostion of Q 
into subspaces V p with a structure described by [V pi , V Pn ) C ^-J^ V r and if S — 

Upt=iS p is a subset decomposition of the Abelian semigroup S with the structure given by 

S Pl x S P2 x ■ ■ ■ ■ xS Pn C P| S r , then the algebra given by <8r = (^)S P ®V P = Q^W P 

r 6*(pi,..., P «) pel pg/ 

is a subalgebra of the S-expanded multialgebra called a resonant submultialgebra. 



If {T ap } denote the basis of V p , A a<J G 5 g and if T( a a ) = X aq T ap then we can write 



(c S ,7r) 



(c s ,7r)> 



(88) 



which means that the structure constants of the resonant submultialgebra are given by 



C 



(c r ,7r) 



# 1 



7r 



Q.1 



(89) 



The following theorem provides the Maurer-Cartan equations for the resonant submulti- 
algebra: 

Theorem 9 Let {uA} be a basis ofV* and let X aq G S q . Then 



K^ iap ' ap \ (90) 

and the Maurer-Cartan equations for the resonant submultialgebra of the S-expanded multi- 



algebra are given by S 



(Cr,7r) 



(2m - 2)! K^)-^'^) 



/ 1 1 \ / 2m-2 2m-2 s 

^{"■P! > a Pl ) _ _ j\ a P2 m -2' a P2,n-2, 



where 



(c s ,7«) 



-*P2m-2 '"P2m-2 , 



T^7s /ntc 

A ! 2m-2 <-> 

a p\--- a V2m-2 ' 



I 2m-2 
PI ■■■ Ci V2m-2 



, with r,pi G /. 



(91) 



(92) 



Proof. The generalized Maurer-Cartan equations are given by 



d m u A (g, A) 



Introducing 



(2m -2)! 



C 



B\...B2r, 



B2m-2 



K^ ap,ap \ 



(93) 



(94) 



19 



into the generalized Maurer-Cartan equations, we have 



^ 1 A 7s d v 



(c a ,7») 



1 



/ 



(2m-2)! ^-C- 2 

1 c 
(2m -2)! 



pi 



pi 



E a 

2m-2 
P2m-2 



/ 2m — 2 2m — 2 *> 
2m-2 Cjl P 2m-2' a P2m-2y 



E/ 1 1 \ I 2m — 2 2m — 2 \ 

X a l pi . . . A Q 2m-2^ CO I..U '^m-2 J. ( 95 ) 



*P2m-2 



1 2m — 2 

Of pi >— !«p 2 m-2 



From the generalized resonance condition, we have 



A„i ...A„ 



Pl "P2m-2 oi, —a 



i 2m-2 
1 /-v.. 



PI " P2m-2 



A 7 donde A^6 5 ...,p 2 m-2) = f~] (96) 



te«(pi,...,P2m-2) 



Since the condition C 1 2m _ 2 Cs 7^ implies s G Z( Pl) ... )P2m _ 2 ), we nave 

a pi"- a P2m-2 



£(Pl, -,P2m-2) = P| S t CS s . 

tei (Pl.-.P2m-2) 



(97) 



This means that if S C S', then we can write 



A <V A "w -2 , = #J A 7s where A 7, e (98) 

P2m-2 "Pl •••"P2m-2 



Introducing these results into ( 193|) we have 



E 



A 7s d m a;( Cs ^ 



C. 2 m-2 Cs V V «3 2m- 2 A 7s a;(«)...o;fe-- 



(2m — 2) a Pl- a P2m-2 ^— ' ^— ' a Pl-" a P2m 



-*P2k 



E 



A^<Lu/ C ^ 



E X ^ E C ai ...a^- 2 / SK 5 



(2m -2)! 



/ 1 1 \ / 2m-2 2m-2 ■* 

2m-2 W V PI Pl ) ...(jj V P2m — 2 ' P2m — 2 / 
Pl •••"P2m-2 



**>1 P2m-2 



E A 7,^^ (CS ' 7S) 



/ 



E A , 



v 



(2m -2)! 



E ^fai ,aL 



\ 



(c s ,7s) 

' 2m-2 2m-2 "\ 
a P2m-2' a P2m-2 / ' 



/ 1 1 \ / 2m-2 2m-2 '\ 

^ l, a pi > a pi J _ _ _ w l, a P2m-2 '°P2m-2 y 



Pl P2m-2 
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Therefore the generalized Maurer-Cartan equations for the resonant submultialgebra are 



given by 



(2m - 2) 



EH {, J l PI ' PI i /, A P2m-2 '"P2m-2 j 

W i 1 \ / 2m-2 2m-2 \ W >- ' . . .UJ ^ 



1 2m— 2 

"pi '■■■'"P2m-2 



(c s ,7s) 

\ / 2m-2 2m-2 \ L 
>1 >"P1 J ■ ■ ■ ^ a P2m-2 ' Q P2m-2 J 



(99) 



which it can written in the form, 



:C 



(2m - 2)! 



(100) 



In the compact notation we have 



where 



(2m -2)! 



(Cr,7r) 



/ 1 1 N / 2m-2 2m-2 x 

U \ a P1 ' a P1 ) /\ . . . /\ a ,l a P2m-2' a P2m-2 / 



E. Reduced Multialgebras of a Resonant Submultialgebra 



(101) 



(102) 



X («p 1 ^ 1 )'"'' X (« 



'P2m-2 ' P2m-2 / 



(103) 



In ref. |9j was shown that, if ^ = ^11 S p is a partition of the subsets S p C S that satisfy 



S K n s Pi = (j), 



(104) 



then 



S P1 x <§p 2 X ... x S Pn C [^) 5V • 



(105) 



(pi. 

A 

The conditions f)104p and (11051) induce the decomposition <8 R = <3rQ) &r on the resonant 
subalgebra, where 



(J5 



R = ® p eiS p <g> 



When conditions (I104p and (11051) hold, then 



<5 R , <5 R , (S R 



A 

C<5r, 



(106) 
(107) 

(108) 
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and therefore \&r\ corresponds to a reduced algebra of <Sr. 

The following theorem provides necessary conditions under which a reduced multialgebra 
can be extracted from a resonant submultialgebra: 

Theorem 10 If S p — S p U S p is a partition of the subsets S p C S that satisfy 

s Pi n s Pi = 0, (109) 

S Pl xS P2 x...xS Pn c fl S r , (110) 

r&( P1 ,..., Pn ) 

then the generalized Maurer-Cartan equations for the Reduced Multialgebras of a Resonant 
Submultialgebra are given by 

dm^) = —^—C (al , ( p^\ 2m - 2 a;(<^J..^(^-- 2 ^- 2 ). (HI) 

(2m - 2)! { al p V al Pl )-{ a P2m-2' a P2r n -2> 

Proof. 

If S p = S p U S p is a partition of the subsets S p C S that satisfy 

s p ns p = 0, (112) 

S P *S q = f| (113) 

rGi{p,g} 

then 

oo ap = Yi K" {apAp) + A *y ap,< H ( n4 ) 

where the set of indices {ot p } = {a p , a p } is such that \ &p G S p and Xa p G S^. This means 
that the dual resonant submultialgebra 0* R is generated by the forms 

{ w («p.«p)} = { w (op.4p) ja; (op.«p)J ; (H5) 

so that 0# is given by 

0^ = Vq* © V*, (116) 
where Vq* = {cj^'"^}, V^* = |a'( aj " a!j '^} . The reduction condition is given by the condition 



[V , V x ] C V x or equivalents Cf ''*'\ = 0: Since 



G (6 r A)(c t ,7 t )~ K M i C ^' (ii7j 
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and that (I112p says to us that \p r G S r , A^ t G we have 



(118) 



which imply if?*.. = and therefore 



c 



(a s ,a s ) 



r&{p,q} 



0. 



119) 



(&rA)(ct,7t) 

This means that the set jo> (ap ' a!3 )} generates the so-called dual reduced multialgebra of a 
resonant submultialgebra. The corresponding Maurer-Cartan equations for this reduced 



multialgebra are 



Q 

(2m -2)! ("k> & k 



2m-2 -2m-2 
a P2m-2 '"P2m-2 



( 2m-2 -2m— 2 x 
P2m-2'"P2 



(120) 



In the compact notation we have 



(2m -2)! 



where 



6 ,(S) =w (c^) X( ^ )j 



(121) 



(122) 



^),^) ) 2 -T. 2 ^(S) 



/ 1 -1 \ / 2m-2 -2m-2 N 

iij \ pi ' pi / A • • • A ui\ P2m - 2 P2m ~ 2 ' 



2m-2 -2m-2 > 
a P2m-2' a P2m-2/ 



(123) 



F. Recovering results of section 3 

Now we comment that the expansion method developed in section 3 can be recovered in 
the S-expansion formalism for a particular election of the semigroup. For example, we will 
show that the equations 



^ - (2m-2)!% 1 ^)-(&^ 2m - 2 ) ' (124) 

can be recovered in the language of S-expansions. 
In fact, let us choose the following semigroup: 

S { E N) = {X a ,a = 0,...,N + l}, (126) 
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with a multiplication rule given by 



\ n \f3 - \H N+1 (a+/3) ~ S H N+1 (a+^-y ( 127 ) 



The two-selectors for read 

K, = ^H N+lM y (128) 

where 8% is the Kronecker delta. The multiplication rule f !127j) can be directly generalized 
to 

X ai ....Xa n = XH N+1 (ai+...+a n ) = $H N+1 (a 1+ ...+ an )^n ( 129 ) 
K au-a n 1 = ^ lV+ l(«l+...+«- 1 )■ ( 130 ) 

Consider now a higher order Lie algebra (C?, [,...,]) of order n = 2m — 2, whose generalized 
MC equations are given by 

d m u A = - — -C B Bo A co Bl u B2m ~ \ (131) 

(2m -2)! Bl B2m ~ 2 y ' 

Then the generalized MC equations of the S'^-expanded Lie multialgebra are given by 

d m U^ = l -—:C (R B , (B iAa) B u (B lA ) { B 2m . 2 ,p 2m . 2 ) (132) 

r (A,a) - r A ff (^'^'^^ 

^(-Bl,/?l) (B 2m - 2 ,l3 2m - 2 ) - U Bl B 2m _ 2 °Hjv + i(/3l + ...+/32m-2)' \ LO °) 

where a,/3i,..., f3 2m -2 = 0, 1, N, N + 1. 

In section 4.3, we used latin indices k when we restrict the greek indices (of the 
semigroup elements) to take values in {0, 1, N}, following the convention adopted in 



4]- 



6] and [9|. However, in section 3 latin indices were used to label the basis elements of the 
algebra or multialgebra and their dual forms. This was done so in order to obtain a direct 
generalization of the expansion method [5( to the higher order Lie algebra case. To make a 
consistent comparison we will not use latin indices to perform the 0-reduction. Instead we 
continue to use greek indices, but write explicitly that they are restricted to take values in 
{0,1,..., N}. 

Therefore, when the greek indices cannot take the value N + 1, we have 

^H N+1 (J3i+...+lh m -2) = ^/3i+...+/3am-2' ( 134 ) 
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and the O-reduced multialgebra of the S^-expanded Lie multialgebra is given by the fol- 
lowing generalized Maurer-Cartan equations 

d m U^ = - 1 -—rC m s) m {Aa) H a^)^ (B 2m ^ 2m ^ 2 ) (135) 

(2m — 2)\ (- B l'Pl)---( B 2m-2,/32m-2) V 1 



C (B 1 ,p 1 ) (flL-2,i8am_a) ~~ C Bi B 2m - 2 A ^ 1+ ...+ft> m -2 ' ( 136 ) 

a,/3i, ...,/3 2m -2 = 0, 1, N. 

The equivalence between f |124j) and (11351) is explicit if we consider that the vector space of 
the original multialgebra is split into a sum of two vector spaces Q =V © V\. Then the dual 
basis is descomposed as {uj a } = {u/ } U {a/ 1 } where lo 10 G Vq and U) n E V\. 



V. COMMENTS AND POSSIBLE DEVELOPMENTS 

We have shown that the successful expansion methods developed in refs. J^j], j(| (see 
also can be generalized so that they permit obtaining new higher-order Lie algebras 

of increasing dimensions from (£/, [,...,]) by a geometric procedure based on expanding the 
generalized Maurer-Cartan equations. 



The main resu 



oped in refs. [6| and we give the general structure of the expansion method, as well as 
to construct the dual S-expansion procedure of higher-order Lie algebras. 

The expansion procedures considered here could play an important role in the context 
of gravity in higher dimensions. In fact, it seems likely that it is possible, in the context 
of a Chern-Simons action, to construct a theory that describes a consistent coupling of 
higher-spin fields to a particular form of Lovelock gravity. 
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